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Abstract 

This paper considers to the equation 

where the surface S is the graph of a Lipschitz function tp on R , which 
has a small Lipschitz constant. The integral in the left-hand side is the 
single layer potential corresponding to the Laplacian in R JV+1 . Let A(r) 
be a Lipschitz constant of tp on the ball centered at the origin with ra- 
dius 2r. Our analysis is carried out in local L p -spaces and local Sobolev 
spaces, where 1 < p < oo, and results are presented in terms of A. Es- 
timates of solutions to the equation are provided, which can be used to 
obtain knowledge about the behaviour of the solutions near a point on 
the surface. The estimates are given in terms of seminorms. Solutions are 
also shown to be unique if they are subject to certain growth conditions. 
Local estimates are provided and some applications are supplied. 



1 Introduction 

Let S be the graph in R JV+1 of a Lipschitz function ip: R N — > R, where N > 2. 
We define A to be a function on (0, oo) such that 

\<p(x) — ip(y)\ < A(r)\x — y\ for \x\, \y\ < 2r (1-1) 

for every r > 0. The function A is assumed to be increasing and bounded: 

A(r) < A for every r > 0. (1.2) 

We will assume that Ao is sufficiently small. One can choose A(r) to be the 
optimal constant in and then Aq is the (global) Lipschitz constant of ip. 
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We consider the single layer potential on the surface S : 

U(Q) 



\P-Q\ 



N- 



T dS(Q), PeS, (1.3) 



where dS is the Euclidean surface measure. This object is important since, for 
instance, it appears when one applies the direct approach to solve Laplace's 
equation corresponding boundary integral equation; see, e.g., Hsiao and Wend- 
land [7j. If the surface is the hyperplane x^+i = 0, then we obtain the classical 
Riesz potential of order one. The main objective of this article is to find a 
solution u to the equation 

Su{x) = f[x), x G H N , (1.4) 

where 

Here, = (x, f(x)) for x G R , and Su is the parametrization of the single 
layer potential in (|1.3[) . 

More specifically, we will consider equation (jl.4D for u 6 L p oc (R N \ {0}), 
where 1 < p < oo, and / G W^(R N \ {0}), where 1 < p < oo. We will 
formulate our results in terms of the family of seminorms defined by 



Np(w, r) = (\ [ \u(x)\ p dx) , r > 0. 

\ r Jr<\x\<2r J 

To simplify upcoming notation, let Q m , n (t) = t m if < t < 1, and Q TO , n (i) = t n 
if t > 1, for non-negative m and u. For 1 < p < oo, the Banach space X P (R N ) 
consists of all functions u that belong to if oc (R Ar \ {0}) and satisfy 

Q N ,i{p)M p {u; p) — < oo. (1.5) 
o P 

We take this expression as the norm on X P (R N ). This space is the natural 
domain, in terms of the seminorms Af p , for the operator S in the case that S is 
the hyperplane xn+i = 0; this is discussed further by the authors in [10]. We 
also remark that, if 1 < p < N, then L P (R N ) C X P (R N ). Up>N, there exist 
functions in L P (R N ) which do not belong to X P (R N ). 

For 1 < p < oo and < M < N, the normed space YjJ p (R. N ) consists of 
all functions / in W^ P (R N \ {0}) such that 

QM,i(p)K(vfip) — <°° ( L6 ) 

P 

and limr^oo J s n-i f( r @) dS(ff) = 0, where is the unit sphere in R w . The 

left-hand side of (|1.6p defines the norm on this Banach space. The condition 
in fj 1 .€>[) implies that the limit in the definition exists. This limit ensures that, 
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e.g., constants do not belong to Yj^ p (R. N ). The reason that functions of this 
type are excluded is that we cannot expect to find a solution to Su — f in this 
case; indeed, if / is a nonzero constant, then the solution u in Theorem 11.11 
below would have to be u = 0, which obviously does not solve Su = / in any 
reasonable way. Furthermore, if / € W^(R N \ {0}) such that |V/| G ^(R*) 
for some N/M <p<N, then / <E Y^ P (K N ). 

In Section we prove the following existence result. 

Theorem 1.1. There exist positive constants A*, c\, C2, and c^, depending only 
on N and p, such that if An < A* and if f 6 Y^ P (R, N ) with M = N — C2A0 
and 1 < p < 00, then the equation (|1.4[) has a solution u £ X P (R, N ). For r > 0, 
this solution satisfies 



M p (u;r)<c 3 f (P) M M p {Vf;p)^ 
.In \r/ p 



dp 
P 

c 3 J™ exp L jT A(i/) N p {Vf ; p) ^ 



(1.7) 



Even if the objects are different, Theorem 11.11 is closely related to results ob- 
tained by V.A. Kozlov and V.G. Maz'ya for ordinary differential equations and 
ordinary differential equations with operator coefficients; see Section 6.4 in [5] 
and Section 6.3 in [5]. It is possible to use (jl.7p to obtain two- weighted estimates 
for solutions to (|1.4p in weighted L p -spaces and weighted Sobolev spaces similar 
to those found in Section 7.5 in 0; see Section 8 in the authors' article [TU] for 
an example of this procedure when the surface S is the hyperplane 2^+1 = 0. 
Furthermore, one can also compare with the boundedness results for Riesz po- 
tentials in local Morrey-type spaces found in Burenkov et al. [2H] and references 
cited therein. 

If Ao = 0, we recover the same estimate in (| 1 . T[) for the solution as in the 
case when S is the hyperplane xn+i = 0; compare with (|2.5[) below. Further- 
more, if Ao —j- 0, the condition in Theorem 1 1 . 1 1 that / £ Y A 1 J : p (R Ar ) reduces to 
the corresponding requirement for the hyperplane-case; see Corollarv l4.3l 

In Section 14.31 we prove that solutions to (jl.4l) are unique if they satisfy 
certain properties. More specifically, we have the following result. 

Theorem 1.2. Suppose that u G L p oc (R, N \ {0}), 1 < p < 00, satisfies (|1.5p 
and 

7V p (u ; r) — O^exp^-ci J A(v) — ^ as r ->■ 00, (1.8) 

and 

N p {u ; r) = 0(r- M ) as r 0, (1.9) 

where c\, C2, M, and A* are in Tfceorem ll.il and Ao < A*. // Su ~ 0, then it 
follows that u = 0. 

It should be noted that the solution in Theorem 11.11 satisfies the conditions in 
Theorem 11.21 see Remark |3. II in Section [3~71 

In Section [SJ we prove a local version of Theorem 11.11 
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Theorem 1.3. Let the constants c\, c%, M, and A* be as in rfeeorem ll.il and 
suppose that Aq < A*. Suppose also that u £ X P (R, N ), where 1 < p < oo, 
satisfies (|1.9p and Su(x) = f(x) for \x\ < 2ro, where ro is a positive constant 
and f G W^(R N \ {0}) satisfies 

f 2r ° do 

/ Q Ml i(p)K(Vf; p)— <oo. (l.io) 

Jo P 

Then J\f p (u; r) is bounded by 

C Io (r) M Kiyf ; P) 7 + ^/^ 6XP ( C1 lr ^ ^) A/ ' p(V/ ; P) f 
+ + ^ "° A/- p (/ ; p) ^) exp(^ Cl J T J K{u) ^) , 

/or < ?' < ro, where C only depends on N and p. 

An application of this theorem can be found in Section [531 where we show that 
if A/" P (V/ ; r) < Cr~ a for small r and some a £ (0, M) and A(r) -s> as r ->• 0, 
then A/^(u ; r) < Cr~" (for small r). We also show that if A and Af p (V f ; • ) 
satisfy Dini-type conditions at 0, then N p (u ; r) < C for small r. 

The existence and uniqueness of solutions to equation (jl.4D follows by ap- 
plying a fixed point theorem for locally convex spaces, which was developed by 
the authors in |11] . To apply this theorem, we approximate the operator S with 
a Riesz potential operator and control the behaviour of the remainder. The nat- 
ural approach of approximating the surface S with the hyperplane xn+i = 
does not yield sufficiently strong estimates for our purposes. Instead, we use a 
weighted Riesz potential to match the behaviour of Su at the origin. The choice 
of weight is not obvious since we need to estimate both the potential and its 
derivative. The fact that the solution to the fixed point problem solves (|1.4j) fol- 
lows from results derived earlier by the authors for the hyperplane case in [10] . 
A summary of the hyperplane case can be found in Section 12.11 



2 Properties of the Single Layer Potential 
2.1 Riesz Potentials on 

We start by recalling some properties of the potential Su in the case when S 
is the hyperplane xn+i — 0. These results were derived by the authors in |10) . 
Equation (jl.4[> reduces in this case to 

Iu(x)= f | U(V l i dy = f{x), xtR N , (2.1) 
J r n \x - y\ N 

where the operator X is the Riesz potential operator of order 1 defined for u 
in A 1 (R JV ). The space A 1 (R JV ) is the natural domain if lu is interpreted as 
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an absolutely convergent integral. For solvability results in L p -spaces, we refer 
to Rubin [T3] and references cited therein. The following continuity properties 
for X hold; see Theorem 1.3 in [IS] . 

Theorem 2.1. The operator T maps X P (R N ) into ^(R^ \ {0}) for 1 < 
p < oo. Moreover, there exist two constants G\ and Ci, depending only on N 
and p, such that 

M p (lu;r) < C ir j°° Q Ntl (£) Af p (u; p) (2.2) 

and 

N p {Vlu ;r)<C 2 [ Q N<0 (-) M p {u ; p) ^, (2.3) 
Jo yrJ P 

for every function u £ X P (R N ) and every r > 0. In the first inequality, p = 1 
is also allowed. 

A solution to (I2.1[) is given by 

AT 

n m = j^j^2Rkd k f(x), xer n , 

k—l 

where cjv = r ((N + l)/2) n~( N+1 ^ 2 , T is the gamma function, and Rk is 
the fcth Riesz transform (cf. Stein [TU p. 57]). For 1 < p < oo, the space F 1 ' p (R Ar ) 
consists of all functions / in W,' P (R N \ {0}) such that 



ll/l 



K|x|<2 



- / Qiv,o(p)Ar j) (V/;p)^<oo, (2.4) 



where this expression is the norm on Y 1,P (R N ). The next theorem shows that 
the operator 1Z maps this space continuously into L p oc (R N \ {0}); see Theo- 
rem 1.5 in [IS] . 

Theorem 2.2. T/ie operator 1Z is defined on Y 1 ' P (R N ) for 1 < p < oo, and 

there exists a constant C, depending only on N and p, such that 

KW;r)<C H Q Nfi (?-) M p (Vf;p)^-, r > 0, (2.5) 
Jo K rJ p 

for every function f £ Y 1,P (R N ). 

We define Y hp (R N ) as the proper subspace of Y 1,P (R N ) consisting of those 
functions / that satisfy 

[ p N (1- log p)M p (Wf; p)^+ r AT p (Vf; p) dp <oo (2.6) 
Jo P Ji 

and lim r _> 00 j s n-i f{ r ^)d9 = 0. The expression in (|2.6p is taken as the norm 
on Y 1,P (FL N ). We have the following solvability result; see Theorem 1.7 and 1.1 
in [IS]. 
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Theorem 2.3. 

(i) The operator 1Z is bounded from Yq' p (R n ) to X P (R N ) for 1 < p < oo. 

(ii) If f G ^(R^), then there exists a solution u £ X P (R N ) to (JUJ) which 
satisfies 

M P {u;r)<C f Qn,o(-) Af P (Vf; p)—, r > 0. 
Jo Vr/ P 

(iii) Suppose that u is a locally integrable function such that 

\«<v)\*y+f W£<°°- ( 2 - 7 ) 
ij/i<i J\v\>i \y\ 

If Xu = 7 then it follows that u = 0. 

It can be verified that the condition in (|2.7[) coincides with the definition 
of X 1 ^); see [TO]. 

2.2 Approximation of «S 

For k = 1, 2, . . . , N + 1, let T k be the singular integral operator defined by 

= p.v. jf^ ,^1^^! «(y) Vi + lv^)| 2 ,eR", 

where u G X P (R JV ) with 1 < p < oo. These operators are bounded on L P (R N ) 
for 1 < p < oo; see for instance Dahlberg [3]. Moreover, analogously with 
Lemma 3.1 in the authors' article [TO], one can show that if u G L p oc (R N \ {0}) 
satisfies 

Q N fi (p) Af p (u ; p)— <oo, (2.8) 
o P 

then TkU is defined almost everywhere and 

K(T k u;r)<C [ Qn.o (-) N P (u; p)—, r > 0, (2.9) 

for k = 1, 2, . . . , N + 1, where C only depends on iV and p. 

Using Stokes' theorem, it is straightforward to show that Su is weakly 
differentiable if u G C™(R N ), and that 

d k Su(x) = (1 - J\0(T fc u(s) + d k y{x)T N+1 u{x)) , a: G R w , (2.10) 

for fc = 1, 2, . . . , iV. Furthermore, one can show that C^R^ \ {0}) is dense in 
the Banach space defined by (|2.8[) , so inequality (|2.9[) and (|2.10p imply that <9/c<Sii 
is defined for u G XP(R W ) and given by (|2~TO|) . 
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To simplify the notation, let u>(y) = y/l + |V<^(y)| 2 for y G H N . We wish to 
approximate Su with a Riesz potential. Put 

We define the operators and FCt by 

Z*u = Z(^u), ueX p (R w ), 

and 

ii^M = R k (i/ju), u satisfying (|2.8|l . 

For smooth u, it follows from the fact that dfeZ^it = (1 - N)c^R% u (see 
Stein [H p. 126]) and (|2~TU)) that 

9 fc (J^ - S)u = (N — l)(T k u + d k <pT N+1 u - c^Rfu) 

= (N-l)({T k u-c- 1 R%u) + d k <pT N+1 u). 

Equation (|2.1ip also holds for u G X P (R N ). Indeed, (I2.9[) and the corresponding 
estimate for R7 imply that (|2.11l) remains valid since (R w ) is dense in the 
involved spaces. 

Lemma 2.4. Let r > and define B r = B(0 ; 2r). There exists a constant C , 
depending only on N , such that for every u € L 2 (B r ), that is supported in B r , 

(i) \\{T k - c- N l Ri)u\\ L , {Br) < CK{rf \\u\\ L , {Br) - 

(ii) \\T N+ iu\\ L 2( Br ) <CA(r)\\u\\ L 2 {Br) ; 

Proof. Put ip(y) = ip(y) o;(y) _1 for y S R w \ {0}. Define the operator T by 

Tu = T k u - c^R^u) 
for u e L 2 (B r ). Let Fi be the function 

( 1 + z 2^(JV+l)/2 _ 1 

Then F± is analytic in the band { z e C : |Imz| < 1 } and 

T k u{x) - c^Rfuix) = Tu{x) + / — ( 1 - -0(y) ) u(y) uj(y) dy 

Jr n \ x ~ y\ x ' 

x k -y k „ / - ip{y)* 



/ ip(x) - <p(y)\ , . . . 
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for 1 < k < N. First, we consider Tu. According to McShane's extension 
theorem (see |12j). we may assume that <p is Lipschitz on IL N with Lipschitz 
constant L = A(r) since we only need to consider Tu(x) for i£B r and u has 
its support in B r as well. Let 7 > and define 

A = {zeC: \Rcz\ < L(l + 7), |Imz| < £7}. (2.12) 

We let r denote the rectangular boundary of the set A in (|2.12[) and assume 
that L = A(r) is sufficiently small, e.g., L(l + 2-f) < 1/2, so that F\ is analytic 
in a neighbourhood of the set in (|2.12[) . 

If (f> : R — s- R is Lipschitz with Lipschitz-constant L and K is the Calderon- 
Zygmund kernel (see Stein [TS], Section 1.5) 

K(s,t) = ^F 1 (^M), s, * G R, s^t, 
s — 1 \ s — t ) 

and V is the corresponding principal value operator: 

/oo 
K(t, s) g(s) ds, teR, (2.13) 
-00 

it follows from well-known results for singular integral operators on Lipschitz 
curves that the operator V is bounded on L 2 (R): 

II^IIl'(r) <C(l + l/ 7 ) 3/2 sup|FH||M| L2(R) , w&L 2 (H), (2.14) 

where C is independent of 7 and F. The boundedness is a result by Calderon [4 
for small L and Coifman, Mcintosh, and Meyer [5] in the general case. The 
constant in (|2.14[) can be derived from the argument presented in Dahlberg [3, 
pp. 47-49] together with the optimal estimate given in David [6] for Cauchy 
integrals on Lipschitz curves. 

Employing the method of rotations and (12.14)) (sec Dahlberg [3, pp. 49-50] 
for the details), it follows that 

II^IIl^r") < C supIFi^HHI^rm) 

for u G L 2 (R N ). It can be verified directly that |-Fl( z )I < CA(r) 2 for z £ F. 
Moreover, since 

|1 - $(y)\u(y) < C |V^(y)| 2 < C A(r) 2 , y G B r , 

we obtain that 

2 v 1/2 

dxj <CA(r) 2 \\u\\ L 2 {RN) . 

Thus, we have proved the inequality in (i). To prove (ii), we utilise the same 
method but with the function F 2 (z) = z(\ + z 2 )-( A '+ 1 )/ 2 , zeC\ {±i}, instead 
of Fx. □ 



Xk - yk 



r« f - v 



N+l 



1 - ?A(y) u(y)u>(y) dy 



S 



Corollary 2.5. Let 1 < p < oo, r > 0, and define B r = B(0; 2r). Then there 
exists a constant C , which only depends on N and p, such that 

(i) \\{T k -c- N l Rl)u\\ L v {Br) <Ck{rf\\u\\ L v {Br)] 

(ii) \\T N+1 u\\ LP(Br) < CA(r)\\u\\ LP{Br y, 

for every function u E L p (B r ) that is supported in B r . 

Proof. By Lemma 12.41 we know that these estimates hold for p = 2. The 
operators involved have Calderon-Zygmund kernels of the type 

K{*,v) = J?^f( «?-M ), x^y, 
\x-y\ N+1 V \x-y\ J 

where F is analytic in some (complex) neighbourhood of the interval I = [-L, L] 
and L is the Lipschitz constant of (p. Indeed, these kernels satisfy the properties 
in Section 1.5 of Stein [15] . In particular, for c > 1 and 5 > 0, there exists a 
constant D such that 

sup / \K(x,y) — K(x, z)\dx < D. 

\z — y\<8 J\x — y\>cS 

Here, D = C(||F|| L «<(^ + A(r)||F'|| i oo (/) ), where C only depends on c and N, 
and / = [— A(r), A(r)]. The function F is one of the two functions F\ and F^ in 
the proof of Lemma 12.41 As in the proof of that lemma, we can assume that ip 
is Lipschitz continuous with constant A(r) since we only estimate the operator 
on B r and u has its support in B r as well. Since 

\F{(s)\ < (N + l)\s\ and |F 2 '(s)| < 1 

for s G R, the result now follows from Marcinkiewicz interpolation and the 
weak L 1 -estimate that can be derived from the L 2 -estimate. Indeed, the L p - 
norm for the interpolated operator can be shown to have the form C max{ B, D2 }, 
with B being the L 2 -norm of the operator and C depending only on N and p. □ 

2.3 Estimate of 1^ - S 

To simplify the notation, we introduce the following quotients: 

r _ fix) T _ v(y) i j <g(g) - <Ay) 

Fl \y\ \x-y\ 

defined for x 0, y ^ 0, and x ^ y, respectively. It is clear that 

\L X \ < A(2- 1 |x|), \L y \ < A(2- 1 |y|), \L xy \ < max{A(2- 1 |x|) , H^lvl)}- 
Furthermore, let us define Kd(x, y) by 



K d(x, y) = I — ^rizi - IfiL- i x ' y e rJV ' x ^ v- 

\x-y\ N 1 |$(x)-$(y)r 1 

This is the kernel in the operator Ty — S. Let us collect some properties of this 
kernel. 
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Lemma 2.6. If \x\ < 2\y\, then \L 2 xy - L 2 y \ < CA^" 1 ^!) 2 , and */ \v\ > 2 M, 
then\L 2 xy - L 2 y \<Ck{\y\) 2 \x\/\y\. 

Proof. First, observe that 

L 2 - l 2 = l 2>2x ' y _ ' x ' 2 o^( x )^(y) , ^( x ) 2 



\x — y\ 2 \x — y\ 2 



Hence, if \x\ > 2\y\, then \L 2 xy -L 2 y \ < &L 2 y +8\L x L y \\y\/\x\+4L 2 x < 16A(2- 1 |x|) 2 
and if \y\ < 2\x\, then \L 2 xy - L 2 y \ < 6A(2- 1 \y\) 2 \x\/\y\. □ 

Lemma 2.7. Suppose that \x\ > 2\y\ or \y\ < 2\x\. Then there exists a con- 
stant C, depending only on N, such that \Kd(x, y)\ < Cip(y)L xy \x — y\^^ N ^ 1 ' 1 
and, if also L 2 xy - L 2 > —1/2, 



dx k 



Kd(x, y) 



< C- 



•0(y) 

x-y\ 



N (\L 2 xy ~L 2 y \+A(2- 1 \x\)\L xy \). 



Proof. We rewrite Kd(x, y) and use the triangle inequality to obtain that 



\K d (x, y)\ 



< 



\x-y\ N ~i 

N-l 



^{y) (1+ W )(^-D/2 



1 - 



< c 



Moreover, since 



\x - y\ 



4>{y){L 2 xy + L 2 y ) 



(1 + ^)^-1)72 



+ 



\{l + L 2 y Y N + 1 )/ 2 -l\ 

(1 + L 2 X y )(N-l)/2 



\x - y\ 



N-l 



r2 _ 7-2x -(JV+l)/2 

xy y 1 
l + Ll 



\${x) -®(y)\ N + 1 \x-y\ N + 1 
we obtain that 

a „ , \ (1 - N)ip(y) ( x k - y k + d k ip(x) (ip(x) - <p(y)) 

dkKd{x > y) = -v^w^ { — (i + a(x, y) r^ — 

where a(x, y) = (L 2 xy - L 2 y )/(1 + L 2 y ). Thus, 



- (xk - yk)), 



i>(y) 



- 1 



< c 7 



(l + a{x,y))( N + 1 )/ 2 
N (\L 2 xy -L 2 y \+A(2- 1 \x\)\L xy \) 



\d k ip(x)L x 



\x-y\ ! 

which is the estimate we want. □ 
We now have the tools necessary to derive the following important inequality. 
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Theorem 2.8. Suppose that u e C%°(R N \ {0}). Then 



Af p (d k (T» -S)u;r)<C [ E(r, P )M p {u ; p) ^ 

Jo P 

for k = 1, 2, . . . , N and r > 0, where E(r, p) is defined by 

{r- N p N K(rf 1 0<p<r, 
{T,P> \A(r)(A(r)r (0 - 1 + A(p)), p > r. 

The constant C only depends on N and p. 

Proof. We introduce two cut-off functions n± S C°°(0,oo) satisfying 



(2.15) 



,+<t) ={o: °>i £i and "- (t)= 

Put r/o = 1 — rj- — so 



0, 0<t<4, 

1, t > 8. 



770(f) = <^ 4 - " 

1 0, < t < I or t > 8. 

Using these cut-off functions, we split the integral in three parts: 

p* - s Wl > . / r> 9 )(, + (H) + (W) + „( N))„ (9)d9 

= J + (l) + J_(l) + Jo(l). 

In J± (x) , the kernel is smooth, so 

d 



d k J±(x) 



where 



s± ^ = J RN Kd ^ y ^'± [ffi ) ^<y) dy- 



\_x\_\ Xk/\ 



It is clear from Lemmas 12.71 and 12.61 that 

d 



Af p (d k J ± ;r^j <M P M ti±0^ ^-K d ( Xl y) \u{y)\ dy ; r) + JV P (H± ; r) 



< cw; 



s±(^,2/)|w(y)l 



where 



"VyR-maxIMMzH 



; r) + Af p (Z± ; r), 



N 1 

Ivl "4 : 
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and 



and g±(x,y) = elsewhere. Suppose that r < \x\ < 2r and < a < b < oo. 
Minkowski's inequality implies that 

K r ( f g±(x,y)\u(y)\ \ C N P (g±(-,y); r)\u(y)\ 

P U<M<,max{| y r,|xr} y ' J ~ J ar < lyl < 2br max{\y\ N ,r N } V > 

Since A is increasing, 

Af p (g.(-,y);r)<C (A^p)- + A(p)A(r)) ^, „ e R N 

yivi/2\ p / p 

and 

AA p (. g+ (-,y); r) < CA(r) 2 , i/eR" 
Now, if G is a measurable function, it is true that 

G(p)^)\u(y)\dy = [ b h(s) s N 



a<\y\<b \J\y\/2 



< 



Js/2 P J S 

Ja/2 Jp 8 P 

Ja/2 P 



where h{s) — J s n-i \u{s9)\ d6 for s > 0, and the inequality follows from chang- 
ing the order of integration and over-estimating the domain of integration. 
Thus, 

AfJd k J-;A < jH ' ^A(p) 2 - p +A(p)A(r)^M p (u; ^ + JV p (S_ ; r) 

(2.16) 

and 

Af p (d k J + ;A < £ /2 (^yA 2 (r)M p (u;p)^+Af p (Z + ;r). (2.17) 
According to Lemma 12.71 we can estimate the terms S± (x) by 



i I = I <- l 



\y\ 1 Wl ii<a<i \y\ N 



and 
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and analogously with the derivation of (|2.16[) and (12.171) above, we can then 
obtain a bound for 7V^(S± ; r): 

AT P (3+ ; r) < A(r) 2 [' V p (« ; p) ^ < C [°° E(r, p) M p (u; p) ^- (2.18) 

Jr/16 P JO P 

and 

AA p (S_ ; r) < A(r) 2 / V p (u ; p) ^ < C H E(r, p) M p (u ; p) ^ . (2.19) 

J2r P JO P 

Turning our attention to Jo, we let £? r = {y G R w : r/2 < \y\ < 4r} 
and XB r be the corresponding characteristic function. For r < \x\ < 2r, 

Jo{x)= I K d {x, y)xB r (y)u(y)dy 
Jtl n 

+ J n m (^~\) Kd<yX ' ~ x B r(y)) u (v) d v 

= J^(x) + J^(x). 

The integrand in Jq s (x) is smooth since it is only nonzero when 2\y\ < |x| < 8|y| 
or 2\x\ < \y\ < 8\x\. Hence, 

dk J ° ns = L» v '° (m) ^W Kd{x " v){l ~ XBt {y))u{y) dy 

Using the same argument as above, we obtain that 

(\K d (x, y)\ 



M p (d k J£ s ; r) < CJV P ( I 

\J r 



/8<\y\<r/2 
4r<|n|<16r 



I Ivl 



+ \d k K d (x, y)\ \u(y)\dy; r 



<C r E(r,p)Af p (u;p)^. 
Jo P 

(2.20) 

Moreover, (12.10)) implies that 

d k J s - (1 - N)(T k ( XBr u) - c^Ri( XBr u) + d k cpT N+1 ( X B r u)), 
and an application of Corollary 12.51 shows that 

K(d k J s ;r) < Cr- N lPK{rf\\u XBr \\ Lm Ny 
Thus, it is clear that 

K(dkJ s ; r) <C E(r,p)Af p (u; p)^-. (2.21) 
Jo P 

The estimates in (J22BJ), (|2~T7|) . ([235]) , (j2~TOj) . (|2~2l7|) . and (|2~2"Tj) . imply that the 
desired result holds. □ 
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Remark 2.1. Analogously with the authors' proof of Lemma 3.1 in [10] . it is 
possible to show that the to dk(I^ — S)u(x) corresponding "truncated" opera- 
tor T e u(x) converges both pointwise and in L^ oc (TL N \ {0}) to the right-hand 
side of (|^TT|) if u G ^(R") for 1< p < oo. 

3 Reduction to a Fixed Point Problem 

3.1 The Fixed Point Equation 

Suppose that (1^-S)u and / both belong to Yq' p (R n ). Then, by Theorem^ 

1* (i>- 1 K{{Ti' _ S )u + /)) = (T" - S)u + f. 

Formally, let J€ be the operator given by 

= ^- X W((2* - 5)m + /). (3.1) 

If u is a fixed point of J(f , then 

T>>u = X^je{u) = (1* - S)u + f. 

Thus, it is a solution to (jl.4l) . To find a solution to J(f(u) = u, we will employ the 
following fixed point theorem. We refer to a previous article by the authors [10] 
for details and proofs. 

3.2 A Fixed Point Theorem in Locally Convex Spaces 

We let 3£ denote a locally convex topological space, where the topology is given 
by a family {p( ■ ; a)} Qe n of seminorms that separates points. We want to solve 
the equation 

X{u)=u, uG^jr, (3-2) 

where J?T : &x is a mapping defined on a subset 'Sx of X . We assume 

that G and that there exists an auxiliary linear operator K : &k — > R- n , 
where S>k C R° is a linear subspace. By R n we denote the set of all real-valued 
functions on SI, endowed with the topology of pointwise convergence. 

Existence of Fixed Points 

The operator K is subject to the following assumptions. 

(Kl) Positivity. The operator K is positive, i.e., if r\ G @k is non-negative, 
then Kr/>0. 

(K2) Fixed point inequality. The function fco(") — P(<^(ty ; • ) G S>k, and there 
exists a non-negative function z G @k such that 

z{a) > Kz{a) + k (a), a G Q. (3.3) 
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(if 3) Monotone closedness. The operator K is closed for non-negative, increas- 
ing sequences: if {r) n } is a non- negative sequence in 3k such that rj n 
increases to 77, where rj < z, and Kr\ n — > £, then 77 G i^if and K rj = £. 

(-fC4) Invariance. If 77 £ is non- negative and n < z, then if 77 £ • 

The existence of a non-negative solution z to (|3.3I) enables us to prove the 
existence of a non-negative solution to the equation 

a(a) = Ka(a) + k (a), a £ Q, (3.4) 

which is minimal in the sense that if 77 £ 3k is another non-negative solution 
to (|3.4p , then a < rj; see Lemma 1 in [TT] . 

Suppose that the operator Jtf maps 3x into 3~g . We let er be the minimal 
solution to (|3.4j) . and put 

^jr,<r = {w € : p(u ; a) < cr(a) for every a G 

We require the following properties to hold. 

(^1) Subordination to K. If it, 7; belong to 3x,a-, then 7?(tj — v ; • ) belongs 
to 3k , and we have 

p(J^(u) -JT(u); a) < K(p(u-v; -))(a), a £ n. (3.5) 

(Jf2) Closedness of Six, a- If { v k}kL is a sequence in 3x.g such that wo = 
and 

00 

^pivk+i - v k ;a) < a(a), a £ fi, (3.6) 

then the limit of exists and belongs to 3x 

Since £ 3jt,a, \ implies that •) 6 % for u 6 %. 

Theorem 3.1. Suppose that K satisfies \(K 1)| £0 |(if 4)| and </ia< safis- 
/7es |(JjrT)j and (,J(f2) Then there exists a fixed point of J(f in 3x,a- 

Uniqueness of Fixed Points 

Suppose that the operator maps 3*,%- into itself. We assume that the follow- 
ing conditions hold. 

(I) If 7i £ S>Xi then K n (p(u ; • )) is defined and belongs to 3k for n = 1,2,..., 
and lim^oo K n (p(u ; • )) = 0. 

(II) If u £ 3>x and rj £ 3k satisfy < 77(a) < p(u;a) for every a £ ft, 
then if 77 belongs to 3k- 

(III) If u, v belong to 3x, then the function p(u—v ; • ) belongs to 3k, and (|3.5p 
holds. 



Theorem 3.2. Suppose that the operators Jlf and K satisfy \(K 1)| and [(T) 

to |(III)[ respectively. Then there exists at most one fixed point of ,Jfc in 3x ■ 
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3.3 Construction of Jtf and K 

To apply the fixed point theorem, we define an operator J(T formally by (|3 . 1 [) and 
an auxiliary linear operator K, and verify the properties in (Kl) - (K4) along 
with |(jri)| and |(jr2)| The locally convex space will be if oc ( R \ M) with 
seminorms p( ■ ;a) given by J\f p ( ■ ; r), r > 0. Let 

£(r, p, = Qn.o (£) £(p, 0. r> P.^ > 0, 
where J5(p, £) is defined as in Theorem 12. 81 We define the linear operator K by 

iCC(r) = C K /°° /°° E(r, p, C(0 ? -, r > 0, (3.7) 



with domain ^r- given by those measurable £ that satisfy 

rr E (i,p,om)\T- <o °- ^ 

Jo Jo S P 

The constant Cr- is the one given in p. lip below. Since 

E(r, p, < max{ 1, r" w }E(1, p, 0, r, p, £ > 0, 

it follows that K( is defined if £ € S^k- This of course implies that K((r) is 
finite for every r > if £ G . 

By ^jr, we denote the set of those u G L|' oc (R Ar \ {0}) such that 

n n e(i, p ,$m p (u;0t — <o °- ( 3J ) 

Jo Jo £ P 

This condition is equivalent to requiring that Af p (u ; • ) G i^/f • Obviously J^(u) 
is defined for u £ C^ >0 (R JV \ {0}), and the following two lemmas show that J(f 
can be extended continuously from C^°(R N \ {0}) to *2>j£. 

Lemma 3.3. Let u e C™(R N \ {0}). Then (2^ - 5)u G F 1 '^^) and 

N P {TZ{{1' 4 ' - S)u) ; r) < K(A/" p (u ; • ))(r), r > 0. (3.10) 

Proof. Since u has compact support, u G X P (R W ). Hence, (2^ — S)u is defined 
and dk(I^' — S)u, k — 1,...,N, is given by (12. lip . It is a straightforward 
calculation to verify that (X^ — S)u belongs to F 1,p (R Ar ) by using (12.151) and 
changing the order of integration. By Theorem 12.21 1Z is defined on Y 1,P (R, N ) 
and 



N- p (n((T" - S)u) ;r)<C J™ Q N , Q 7V P (V((2^ - S)u) ; p) ^ 

<C K ff £(r lft OAf p («ie-«)^ 
Jo io S P 



(3.11) 



= if(/v>; -))(r) 

for every r > 0, where we used Theorem 12.81 in the last inequality. □ 
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Corollary 3.4. Let u,v G C%°(B. N \ {0}) and f G y'^fR"). 77ien 

AT p (jr(it)- r) < •))(», r > 0. (3.12) 

Lemma 3.5. Let f G F 1 ' p (R Ar ). TTie operator X in can &e extended 

to 21 J? so that (|3.12p ZioMs /or a// w, u G ^jr- 

Proof. Let be the space of functions in with topology defined by the 
norm 

M*= f°° f°° E(1, p ,CM p (u;0t — ■ (3-13) 
Jo Jo 5 P 

This is a Banach space and one can check that C^°(R JV \{0}) is a dense subspace 
of ^. The operator ft ((2^ - 5)) is defined for u G C™(B. N \ {0}) and 

N P (R{{1^ - S)u) ■ r) < Cmax{l, r"^} ||u||». (3.14) 

By density, this allows us to extend ft((2T — S)) uniquely to all of 38 so 
that (|3.14[) holds for all u in 38. Obviously this gives an extension of the oper- 
ator to Six as well. □ 

3.4 Verification of (K2) 

Next, we are going to show that |(AT2) holds. More specifically, we will prove 
that there exists a function z G 2>k such that 



z(r) > 



Ck ( jT jf E(r, P , ,( | d j + jf" Q N , (£) A^(V/ ; „) ^ 



(3.15) 

for every r > 0. This will imply that |(AT2")| is satisfied since JV p (J^(0) ; r) is 
bounded by the second term in the right-hand side of (13.151) for r > 0. 

We construct a solution in the following manner. Let c\, C3, and C2 be 
positive constants depending only on N and p. We require that C2A0 < (N—l)/2 
and ciA < 1/2. Put M = N - c 2 A and X(u) = A(exp(-i/)) for 1/ G R. The 
function i? is given by 

v(t) = C3 y exp^ci y \(v)di^jC(s)ds + c 3 exp(M(t — s))C(s) ds, 

(3.16) 

where C( 5 ) = A/* P (VJ ; exp(— 5)) for seR. We require that £ satisfies 

expfciy \{v)dvjC{s)ds + J exp (- M s) ( (s) ds < oc. (3.17) 



It is clear that if C satisfies 13.171 then v(t) is finite for every t G R. Moreover, 
if / G ^/(R*), then (13TT71) is also valid. 

We change variables in the definition of the operator K to r = e - *, p = e~ T , 
and s = eT a ', where t,T,a G R. We allow earlier functions of the variables r, p, s 
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to keep the same name when it is clear from the context what we are referring 
to. The action of K on v can be expressed with help from the functions 



E(r,a) 



t < a. 



and 



A 2 (r) cxp(7V(r - a )), 
A(r)(A(r)exp(cr-T) +A(cr)), t > a, 

expl ±ci / X(v) dv I , s < a, 

O) = { V J 8 J 



(3.18) 



(3.19) 



exp(±M(cr - s)), 



s > a. 



To see why, observe that 

*>oc poo 



/oo />oo 
/ E(t 7 T 7 a)v(a)dadT 
-oo J — OO 

/OO /■ oo /*oo 
/ E(t,T,a) / E + (s, CT )C(s)dsdCTdT 
-oo J — oo J —oo 

/oo ^oo ^oo 

CM / / Q JV ,o(e t - T )£;(T, ( 7)E + ( S , ( 7)d(7dTd S . 
-oo J — oo J —oo 



The following lemma provides estimates we need. 
Lemma 3.6. Lei s, t € R. Then 



and 



where 



/oo />oo 
/ E(t,T,cr)j: + (s,a)dadT < cY, + (s,t), 
-oo J — oo 

/oo ^oo 
/ E(t,T,<j)Y,-(<T,s)d<rdT < cE~(t,s), 
-oo ^ — OO 



(3.20) 
(3.21) 



1 1 



Proof. First, we prove that, for r G R, 



y~ £(r, <r)E+(s, a) da < 2A(r) ^ + ^ + ^ + ^ £+(*, r). (3.22) 



To simplify the notation, we let 



D(a, b) = expl ci / A(z/)df), a, 6gR 



Let s < r. Then 



/ £(t,ct)£+ (s,a)d<7 = / e M(a - s '> A(r)(A(r)e CT - T + A(<r)) da 

J —oo J — OO 



< A (r) 2 -^l + ^A(r)<^A(r) 
— M + 1 M M 



(3.23) 



(3.24) 
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and 

(• OO 



/oo poo 
E{r,a)Y, + (s,a)da = J \ 2 {r)e N(T -^ D{s, a) da 



(3.25) 

since (d / da)( y e N ( T ~' 7 ^ D(s, a)) < and ciAq < 1/2. Furthermore, using esti- 
mates similar to the one used in (|3. 251) . we obtain that 

E(T,a)Y,+ (s,a)da = A 2 (t) / e a - T D(a, cr) da + A(r) / A(<r)£>(s, a) da 



< X 2 (r)(D(s,r) - e - T ) + ^ (Z>(s, r) - l) 

Cl 

If s > r, using the same estimates as in (|3.24D and (13.25ft (where the limits s 
and r changes positions), we obtain 



2A A(t) m(t _ s) 2A 2 (t) n(t _ s) 
lV[T ., M TV 



/ ^(r,cr)S + (s,cr)d(T < 
^R\[r,«] 

Moreover, 

S(T,a)S + ( S ,a)da<e Ar ^^A 2 (r) f e -^°-») da <^e M ^~ s \ 



C-2 



In total, we obtain the estimate in (|3.22p for all s, r £ R. 
Let us show that, for s.teR, 

f° A(r)S+( S ,T)Q J v,o(e t --)dT< ( ^ + - + - j E+(a, t). 

Let s < t. Then 

A(T)S+( S ,r)Q N , ( e t -)dT= f A(r) e M ^)dr < ^, 
and, similarly with (|3.25p . 

i />OC 

X(r)^+{s,T)Q Nfi (e t - T )dT = / A(T)e w( *- r >.D(a, r) dr 



(3.26) 



< A r 



L_(_^ (e » ( .- T , D( ,, T)) ) ((T 
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For the middle part, 

/ \(T)Z + (s,T)Q N ,o(e t - T )dT= [ \(T)D(a,T)dT < -D(s,t). 

Js Js Cx 

If s > t, then 

A(r)E+( S ,r)Q w , ( e *-)dr < + ^)e M ^ 



R\[t,. 



M N 



and 

, A(r)S+( S ,T)Q A r :0 (e t - T )dT= / A ( T ) e JV(t-»)- C 2A (r- s ) dr 



< A ° eN(t S) ( e -caMt-') -l) < —e M{t ~ s \ 
A c 2 V / C 2 



Thus, we obtain (pOol) for all s and £ in R. It is clear that and (|3~2l)j) 

imply (I3.20[) given in the lemma. 

The inequality in (|3.2ip can be derived analogously, using the same tech- 
nique as above. □ 

Lemma 3.7. There exists positive constants A», c\ 7 C2, and C3, depending 
only on N and p, such that if Ao < A* and £(s) = 7V P (V/; e~ s ), s G R, 
satisfies (|3.17l) . then 

Kv(t) +Af p (Jf{0) ; e~*) < v(t), (eR, 1< p < 00. 

Proof. Let A* be sufficiently small for Lemma 12.41 and Corollary 12.51 to hold 
when A < A*. Moreover, let cxA* < 1/2 and c 2 A» < (N - l)/2. It follows 
from Lemma 13.61 that 

Kv(t)<2C K (^ + - + -) u(t). 
y M cx c 2 J 

Furthermore, J?T(0) = ijj~ 1 lZf, and from Theorem l2.21 we know that 

/>oo 

A/" p pf (0) ; e"*) < C K \ Qn,o(^~ S ) COO da 



Thus, 



/CO /l 
E + (s,t)C(»)d» = — u(t). 
-oo c 3 



JTt;(i) + JV p pT(0) ; e"*) < C K { 2 f ^ + - + + u(t). 

\ \ M cx c 2 / c 3 / 
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By choosing c\ and C3 large, and C2 large enough but smaller than N / (2A*), we 
can see that it is possible to bound the constant by 

□ 

Lemma 3.8. Suppose that f G W^(R N \ {0}) satisfies 
j\ M N p (Vf ;p)^- + J™ exp L jf" A(iz) Af p (Vf ; p) ^ < 00, (3.28) 

where 1 < p < 00 and the constants A*, ci, C2, cmd €3, are given 6j/ Lemma WH 
Then the junction z defined by z(r) — u(logr) for r > belongs to Q>k and 

Kz(r)+Af p (Vf;r)<z(r), r > 0. 

Proof. Since / satisfies (|3.28[) and f|3 . 27[) holds, the function v(t) exists and 
solves the inequality in Lemma 13.71 This also implies that 

Kz(r) < t>(— logr) < 00, r > 0. 

In particular, Kz(l) < 00, which implies that z S see (|3.8p . □ 

3.5 Verification of (Kl), (K3), (K4), and (JT2) 

Obviously -RT is linear and positive, so |(AT1)| holds. Furthermore, \{Kfj\ follows 
from the monotone convergence theorem. If rj 6 &k satisfies < r\ < z, then 
by 1(^1)1 and |(Jf2)| we obtain 

Kr}{r) < Kz(r) < z(r) — fco(r) < z{r), r > 0. 

Since z e this shows that |(AT4)| holds. 

Now, since (K1)-(K4) holds, there exists a minimal solution a in 2>k 
to p.4[) . Suppose that 2$.%f,a- By Lemma 1331 

A/" p pr(u) - JT(«) ; r) < K(Af p (u - v ; • ))(r), (3.29) 



which is the condition in {Jtfl) Since J^(u) is measurable and 

M p {JfT{u) ; r) < N v {X(u) - Jf(0) ; r) + k (r) 
<KAf p (u; -)(r) + k (r) 
< Ka(r) + k (r) 
= <r(r) 

for every r > 0, we see that maps ^r jCr mto ',<*■ 

Suppose that {vk}^ =0 is a sequence in iS^r.o- that satisfies (|3.6p . Then this is 
a Cauchy sequence in L^ oc (R A '\{0}), so it converges to a measurable function v. 
It follows that Af p (v; r) < a(r) for r > 0, so v £ $jt, a - Hence, \(^2)\ holds. 
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3.6 Existence of a Fixed Point 

We now apply Theorem l3.11 which shows that there exists a function u in ^jfr,c 
such that J€{u) — u. We have thus derived the following result. 



Lemma 3.9. Suppose that the conditions of Lemma 13.81 are satisfied. Then 

J \oc( 

Af p (u; e -t ) < v(t), ieR. (3.30) 



there exists u £ Lf oc (R N \ {0}) such that J^(u) — u and 



The estimate in p.30p implies the following asymptotic behaviour of the hxed 
point. 

Lemma 3.10. Let u € X P (R N ) satisfy (|3~5P)) . Then J\f p {u; e"*) = o(XT(i,0)) 
as t — > ±oo. 

Proof. Let t < — m < for some m > 0. Then 

_ /£>(r,0), r<t, 
E-(t,0) \e M (*- T )D(t,0), r>t, 

where D is given by p.23p . and thus, for every e > 0, we can choose m large 
enough so that for t < —m, 

V ^ < f D(T,0)C(r)dT+ f m ' e M «- T) D(t,0){(T)dT 



E-(t,0) 



+ / e Mt D{t,0)e- MT ((T)dT 



<-+/ e M{t - T) D(t,T)D(T,0)((T)dT + e- fit \ e' Mr C,{T)dT 



— OO 

— m 



<—+ I e-^-^Dir, 0)C(r) dr < 



3 



OO 



where /3 = N - ciA - c 2 A > if ciA < 1/2 and c 2 A <(N- l)/2. Similarly, 
one can show that if f > 0, we obtain that v(t)/Y<~(t, 0) < e if t > m. □ 

3.7 Uniqueness of Fixed Points 

We can now prove the following uniqueness result. 

Lemma 3.11. Suppose that the conditions in Lemma 13.81 are satisfied. Then 
there exists at most one solution u in X P (R N ) to the equation Jff{u) — u such 
that 

Af p (u; e _t ) = O(£ _ (t,0)), t -> ±oo. (3.31) 
Proof. To simplify notation, let 

= JV p (u; e _t ), ieR. 
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Choose 3>x as the linear space of functions u £ Lf oc (R N \ {0}) such that (|3.31[) 
holds. Suppose that u £ S>,yff. Then there exists constants A' > and m > 
such that 

p(u;t) < A'XT(t,Q), \t\>m. 
Let the constant A" be given by 

A" = sup £+(t,0)p(u;i). 

t|<m 

By continuity, it is clear that A" < oo. Define ^4 = max{ A', A" }. We find that 

/oo y* oo 
/ E(t,T,cr)p(u;a)dadT 
-OO J —OO 

<AC K [ f E(t,r,a)'£-(a,0)dadT 
< AC x cS~(t,0) 

for ! 6 R. The last inequality follows from (|3.2ip in Lemma 13.61 where the 
constant c is also defined. Inequality (|3.32D implies that if u belongs to S'jxr, 
then p(u; •) belongs to 2#k, and thus, Jff{u) is defined. This inequality also 
implies that Jtf maps 'Sx into £^jr- To apply Theorem 13.21 we need to verify 
that [ffl]j(rn)1 hold. Inequality (13321) shows that|(II)|holds: if u belongs to ^ 
and r\ belongs to 2#k such that < rj(t) < p(u ; t) for t £ R, then the mono- 
tonicity of K implies that Krj(t) = 0(E~(t, 0)) as t — > ±oc. Hence, K r\ belongs 
to 3>k ■ The fact that |(III)| holds follows from Lemma 13.51 
Furthermore, by applying (I3.32[) n times, we obtain that 

K n p(u; .)(*)< (C K c) n AJ:-(t,0). 

Since CkC < 1, which follows from (|3.27l) . and 0) < oo, 

K n p{u ; • ){t) — >■ 0, as n — > oo. 

Hence, Theorem 13.21 implies that the fixed point is indeed unique. □ 



Remark 3.1. The condition in (|3.31[) is a natural condition if we consider 
the solution u £ S>jff in Lemma 13.91 which satisfies Af p (u] e ) < v(t), so by 
Lemma 13.101 p.3ip is valid. 



4 Proof of the Main Results 

In the previous section, we proved that there exists a fixed point of J?T, and 
that it is unique under certain conditions on /. We will now use these theorems 
and results from Section I2TT1 to prove similar results for solutions to (|1.4[) . 
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4.1 Existence of Solutions to (11.4ft 

We start with deriving two technical lemmas which will show that we can use 
Theorem 12.31 to recover (T^ — S)u + f from the equation Jf(u) = u. First we 
find integrated estimates for £ + , where S + is defined by (I3.19[) . 

Lemma 4.1. Suppose that c\Kq < 1/2 and C2A0 < (N — l)/2. Then, 

Qiv,i(e _t )S + (s,i)dt<C Ao (s)Q M , 1 (e- s ) (4.1) 



and 

rO 



e -*£ + (s,t)di + / (l + t)e- Jvf E + ( S ,t)^<CA (s)gAf 4 (e' s ) (4.2) 
> Jo 

/or s G R. The function C\ (s) will depend on Aq and s, but for fixed Aq it is 
uniformly bounded with respect to s, and 

hmsupC Ao ( S )<{ g' (1 + s)) (4.3) 

where C only depends on N and p. 

Proof. Using notation from Section ^. 41 we show (|4.1[) first. Proceeding similarly 
with the proof of Lemma |3~51 we consider two cases. 

First, let s < 0. The left-hand side in (I4.1j) is given by 



e -t e M(t~s) dt+ f e -t D ( S)t ) dt+ I e - Nt D{ S ,t)dt 
1 J s 

<j^j + 2e- s + ^D( S ,0)<Ce- 



(4.4) 



where we exploited that 
,0 

ci / X(u) dv < — ciAos < — s, s < 0, 

J s 

so D(s, 0) < e~ s . The constant C in (14.4)) only depends on N and p. 

Let s > 0. In the same manner as above, the left-hand side in (|4.1j) is 
bounded by 

/>s />oo 



< + - : + ± e ~ Ns < I + - - e" Ms 

M-l N — M N -\N-1 c 2 A 

which completes the proof of (|4.ip since 



/ 4 1 — e ~ C2A ° s " 
l imsup + ) < C(l + s) 

An-K> ViV-l C 2 A 
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To prove (|4.2p . we proceed similarly. Let s < 0. Then the left-hand side 
in (|4.2p is given by 

i>0 poo 

e -t e M(t-s) dt+ / e -t D ^ t )dt+ / (l + t)e- Nt D(s,t)dt. 

-oo Js JO 

The first two terms can be estimated in the same manner as 

e -t e M(t-s) dt + / e -t D r t ) dt < + 2e - 

Js ~ M-l 

To investigate the third term, we use integration by parts: 

> l-OO \ ( P) 

(l + *)e-^(.,*)* = / o (l + *) ]7 -^(-^D(-, t )] dt 

4f < i+ <-Jk^H* 



< CD(s,0), 



(4.5) 

where C only depends on N and p. Since D(s,0) < e s / 2 < e s , we obtain 
that (H2) holds for s < 0. 

Suppose that s > 0. We proceed analogously with the case when s < 0. 
The left-hand side of (|4.2j) is given by 

/>s />oo 

e -t e M(*-.) ^ + / (i + t )e- Nt e M ^ s Ut+ / (l + i)e- m £>(s,t)di. 

-oo JO Js 

The first term can be calculated as 

-Ms 
e -t e M(t-s) dt = 



M-l 

The other terms can be bounded in the same manner as (|4.5I) above using 
integration by parts: 



(1 + t)e- Nt e M( - t -^ dt = e- Ms / (1 + t)e^ Aot dt 

Jo 

1 - (1 + s)e~ C2AoS 1 - e - C2Aoi 



c 2 A 4AI 
and 

jH(l + t)e- Nt D(s, t)dt<^(l + s)e- N ° + ±e~ N °. 



e -Ms 



Since 



/ 1 — (f + s)e~ C2A ° s i_ e - c 2Aos" 

limsup / 1 5-^5 \<C(l + s), s > 0, 

Ao ^o V c 2 A c\kl 1 
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and 

(l + s)e- Ns <-^-e- Ms , s>0, 
C2A0 

it follows that P~2l and (113)) hold for s > as well. □ 

Lemma 4.2. Let u e Lf oc (R JV \ {0}) sate/?/ W p (w; e -t ) < Cu(t) /or JeR 
and suppose that ciA < 1/2 and c 2 A < (JV - l)/2. 1/ / G ^(R^ \ {0}) 
satisfies 

I"" QmAp) Af P {Vf ;p)^<oo, (4.6) 
Jo P 

then u 6 IPfR*) and (2^ - 5)u £ F 1,p (R iV ). 
Proof. Using notation from Section [3. 4[ we see that 

\\u\\ X pcr n ) = / Qn,i(p)N p (u; p) — = / Qjv,i(e -t ) M p (u; e _i ) dt 

JO P J-00 



<C Q Ntl (e-*) Z+(s,t){(s)dsdt (4.7) 

J — OO J — OO 

/OO rOO 
C(s) / Q N ,i(e- t )Y; + (s,t)dtds. 
-00 J —00 

Inequality (|3~T|) now implies that u G X p (R iv ). 

Turning our attention to the second part of the lemma, i.e., that (Jy — S)u 
belongs to Y ' P (R. N ), we need to prove two things: 

/ H(p)N p (V(I* -S)u; p)^- <oo (4.8) 
Jo P 

and 

hn{r) — > 0, as r — > 00, 

where H(p) = p N (l — logp) if < p < 1 and H(p) = p if p > 1, and the 
function = (2^ - S)zt(x) for x G R w 

We know that 9fe(2^ — <S)it, fc = 1, 2, . . . , N, are defined and the represen- 
tation in (|2.1ip holds. Moreover, by Lemma 13.51 it is possible to extend (|2.15[) 
for all u in X P (R N ). Hence, since Af p (u ; e _t ) < Cv(t) and Kv < v, 

A/p(V(2^ - S)u ; r) < K{M p {u ; ■ ))(r) < Cif«(r) < C«(r), r > 0, 

which implies that 

/■OO J /-oo /-oo 

/ H{r)N p {V{T^ -S)u;r)— <C Hie' 1 ) C,{s)Y, + {s,t)dsdt 

Jo r J-oc J-00 

/oo />oo 
C(s) / H{e- t )Y,+ (s,t)dtds. 
-OO J —oo 

Since (jOl holds, it follows that (|4T5|l is valid. 
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We will now verify that 

lim h R (r) = lim / h(r6)d6 = 0, (4.9) 
where = {T* - 5)u(a;), a; G R w . By Lemma 2.4 in [TO], the fact that 

/oo 
N p {Vh ■ p) dp < oo 

implies that the limit in (|4.9I) exists. We now obtain that 
>f \h R (p)\ < - f 2r \h R (p)\dp 

r<p<2r r J r 

<^! r p N - 1 ! \h( P 6)\d9dp 
<Cr- N /p( f \h(x)\ p dx) 

\Jr<\x\<2r / 

= CAf p {h; r). 

Obviously \h(x)\ < CT^\u\{x), so flOJ in Theorem O implies that 

K(h;r)<c(r 1 - N f p N N p {u- p)^ + r 1 ^ f p N M p {u; 

V Jo P Ji P 

+ j M p {u\p)dp\ 

for r > 1. Since u € ^(R^), the first and last term in the right-hand side tend 
to zero as r — >■ oo. To show that this is also true for the middle term, let to > 1 
be fixed. Then 

lim sup r 1 ~ N / p N M p {u-p)^< N p {u-p)dp. 

r^co Jl P J m 

The number to is arbitrary, so the limit must be zero since u £ X P (R N ). 
Thus, hn(p n ) — ► for some sequence p n such that p n — > oo. Hence (|4.9[) must 
hold, so (2* - 5) u G itf ' P ( rW ) ■ 1=1 

4.2 Proof of Theorem 11.11 

If / G YjJ p {R N ), then the solution z to p.!5[) exists. Applying Lemma 1531 we 
obtain a fixed point u G Lf oc (R JV \ {0}) of such that 

Np{u\ r) < z{r), r > 0. 

Lemma [4.21 shows that u G X P (R JV ) and that the function (T^ — <S)u belongs 
to ^'"(R"). Clearly, / G Y%f(R N ) implies that / G Yq' p (R n ), so Theo- 
rem [273] proves that 

T^u = T*Jt{u) = T i "R{{p> - S)u + /) = l 4 'u -Su + f 7 
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or equivalently, that Su = f. 

Corollary 4.3. If Aq — > 0, then the condition that f S YjJ p (R N ) reduces 

to / e y ^(R w ). 

In other words, we recover the authors' previous result (see Theorem l2.3l) . 

Proof. Letting A -> in (14. ip and (14.21) and using (|4.3p shows that the right- 
hand sides of gU) and tend to C(l + s)Q NA ( e - s ) if s > and CQjv,i(e" s ) 
if s < 0. The condition in (I4.6P in Lemma T4. 2 1 can now be replaced by 

[ (1- log p)p N Af p (Vf; p) ^ + f°° Af p (\7f; P )dp < oo. 

□ 

4.3 Uniqueness of Solutions: Proof of Theorem 11.21 

We show that Su = implies that J€(u) = u and use Theorem 13. Ill to deduce 
that u = 0. 

Let 3$ be the Banach space introduced in the proof of Lemma l3~5l and pick 
a sequence u n £ C%°(R N \ {0}) such that u„ — > u in It is clear that u n — > u 
in Lf oc (R N \ {0}). The definition of implies that 

Jf(Un) = 7^(2" — <S)tt n — »• J^(w) 

in L^ oc (R Ar \{0}). It is straightforward to verify that TZXu n = u n , for example by 
means of the Fourier transform. As in Lemma 13.51 we extend the operator 1ZS 
to SB so that 

/>oo />oo J J 

MJTZSu;r)<C / E(r,p,a)Af p (u; a) — -£ (4.10) 
io io ' CT P 

for every ti£ J, Clearly 7?.<Su = if it G =5^ satisfies 5u = 0. From (|4. 10[) . we 
also obtain that TZSu n — >■ 7?.5u in Lf (R \ {0}). Hence 

J^(u n ) = H(I — S)u n = TZIu n — TZSu n = u n — HSu n — >• u — IZSu = it 

in L[ > oc (R Ar \ {0}). By uniqueness of limits, we have J(f(u) = u. 

Now, Theorem 13.111 states that the solutions to J(f(u) = u that sat- 
isfy (|3.3ip are unique. Since u = is one such solution, we must conclude 
that u — is the only possibility. 

5 Local Estimates 

Let ro be positive and let n 6 C°°(R) be a cut-off function such that rj(r) = 1 
if r < rp and r](r) = if r > 2rQ. Let u £ X P (R ), 1 < p < oo, solve the 



28 



equation Su(x) — f(x) for \x\ < 2r , where / s W lo f(R IV \ {0}). Furthermore, 
let \ s C^°(R) satisfy %(r) = if 7- < tq or r > 2tq. We will require that 



r ( \— = N 

Jo x[p> p i^-t 



where 15 1 | is the surface measure of the unit sphere in TL N . We define ^f(y) 
for y G R W \ {0} by 

(1 - r)(y))u(y) y k 



= -x(bl)y^7irT' where7 2 =/ 

|y| Jr* 



,r ivi 



Here, dS*(j/) = ^/l + |V(^(y)| 2 dy. For fc = 1, 2, . . . , N, the function * satisfies 
f y(y)y k dS(y) ^ f°° (\( A a M*P 

/ — imv+i — = ~ 2.^1*1 x(p> o l e k de—^~ lk . (5.1) 
,/r« \y\ N+1 fri Jo Js»-i p 

We multiply the equation Su = f by f?(|a;|), and add S(nu) and 5^ to both 
sides and rearrange: 

5(»yu + ¥) =r]f+[S,r]]u + S^, (5.2) 

where [5, 77]n(x) = S(i]u)(x) — rj(x)Su(x), x € R w . We wish to estimate the 
gradient of the right-hand side of (|5.2j) . 



Lemma 5.1. Let u G X p (R Ar ), 1 < p < oo, and suppose that ro > 0. TTien 
^(VflS^u + S*);*-) < 



C(r + A(r))\\u\\ XP{RN) , r<r , 
Cr ~ N II w IUp(r«), r>r , 



where C depends on N , p, and ro- 



Proof. Let < r < r /2 and r < |x| < 2r. Then <9 fc [5,»?]u = 5 fc 5((?7 - 
and from the representation in (I2.10p it follows that 

d k ([S, V ]u + W)(x) =Tk{{1 _ ri)u + ^ {x) + ^ (a . )Tw+1 ((!-„)„ + *) ( X ) 

f (x k - y k )((l - y{y))u{y) + fr(y)) dy 
J RN |$(a:)- 



(<p{x) - ¥>(»)) ((i - v(y)Hv) + *(»)) rfy 



The second term in the right-hand side can be estimated by 

, / Ky)| + |*(y)| \u(y)\, 

J|y|>r J\y\>r l»l 
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since 



i*(i/)i<ix(ii/i)iEi7ii<qx(ii/i)i/ ^Hr y eRN - 

i=l J\z\>r \ Z \ 

Let r = We assume that t < 1/2. The kernel in Tj~ can be expressed by 

' /; - 1 rg{r), where «?(t) - |at| lvl 



kl 1 2/1 



AT+1 ' 



We see that g(0) = -(y k /\y\)(l + L 2 x )- ( - N+1 ^ 2 , and also that g'(r) is uni- 
formly bounded, \g'(r)\ < C, for r < 1/2. The constant depends only on N. 
Thus, \g{r) - ,g(0)| < CV for r < 1/2. Hence, 

Vh (1 - r)(y))u{y) + frfa) ^ 



|T fc ((l-77)u + tf)(a;)| < - — 



r» 12/ 1 1 2/ 1 



N 



It is clear from (|5.1[) that 

y fc (1 - r){y))u(y) + 



r« 1 2/ 1 1 2/ 1 



N 



dS(y) = 0, fc = 1,2, ...,7V. 



Moreover, 



My)\ + My)\ dy < Cr [ \m dy , 



y\>r \V\ N+1 *~ J\y\>r \v\ N 

SO 

N p {T k {{\ V )u + *) ; r) < C(r + A(r)) / ^dy. 

J\y\>r \y\ 

The right-hand side is finite since u G X P (R N ). Thus, we obtain that 

Af p (V([S,r ] }u + S^);r)<C(r + A(r))\\u\\ XP{RN) , < r < r ±. (5.3) 

Let r > 4ro. Then d k [S,rj\u = dkS{rju)^ and 

C f C 
\d k [S,rj]u(x)\ < — / |u(y)| < --^ |M| X p(R«)- 

Fl J|j/|<2r Fl 

Furthermore, 

|Qt5*(a;)| < C\T k *(x)\ + C\T N+1 *(x)\ 

<—[ My)\dy<—[ Hv)l dy. 

\%\ N Jr <\y\<2r \ X \ N J\y\>r \y\ N 
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This implies that 

N- p (V([S lV }u + S^);r)<Cr- N \\u\\ XP(RN) , r > 4r . (5.4) 
If r /2 < r < 4r , then 

d k [<S, rj\u{x) = d k Sr}u{x) - r]'(\x\)-^Su(x) - rj(\x\)d k Su(x) 

\x\ 

= [d k S,rj\u(x) - f]'(\x\)^Su(x). 

\x\ 

From the representation in (|2.10[) . we obtain that 

I [d k S, „]„(x)| < cJ rn ^yr^lv \<v)\ dy < c jJ^L dy. 

Thus, I [d k S, r]]u(x)\ < CI\u\(x), so 

Af p ([VS,r,}u; r) < Cr f°° Q NA (?) N p {u; p) ^ < C\\u\\ XP{RN) . 
Jo Vr/ P 

Similarly, since |7/<Sit| < |r/|I|u|, we obtain that Af p (r]'Su; r) < C \\u\\xpcrx) 
for tq/2 < r < 2ro, and that rj'Su = otherwise. Since also 



A/- P (V«S* ;r)<C r Q Nfi (?) Af p (* ;p)^?<C 
Jo Vr/ P 



\y\>ro 



\y\ N 



it is clear that 



Af p (y([S,r)}u + SV);r) < C\\u\\ XP(RN) , ^ < r < 4r . (5.5) 
The desired result now follows from (15.31) . (15.41) . and (15.51) . □ 



5.1 Proof of Theorem fOl 

Lemma 15.11 implies, for u in ^(R"), that [S,r)]u belongs to Y^ P (R N ) and 
that the radial part ([S,t]]u)r tends to zero as r — > oo. Similarly, the same is 
true for S*. Moreover, since / satisfies (fTTT0|) . r/f € Y^ P (K N ) and (r)f) R -> 0. 
Thus, by Theorem O 

Sw = ?//+ [5,?7]u + 5* (5.6) 
has a solution u; g ^(R^) which satisfies 

M 



A^(^;r) <c 3 /"'(^) M A^(V(7 7 / + [ l S,7 7 ] U + l S*); /0 )^ 

expfd y A(i/) — JA/" p (V(t7/ + [S, t/]u + ¥);p) 



dp 

P ' 

(5.7) 
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Since also Su — f for \x\ < 2tq, equation (|5.6p can be rewritten as 

Sw = r/f + Sr/u — rjSu + S^J = rjf + Srju — rjf + S^J = S(j]u + 

In other words, S(w — rju — ty) = 0, and since w — f]u — \& satisfies the conditions 
in Theorem 1 1. 2 1 it follows that w = rju + ty. Thus, 

N p {u ; r) = N p {-qu + * ; r) = J\f p (w ; r), < r < r . 

We now turn to prove (jTTTTJ) in Theorem If .31 We split the right-hand side 
of (15.71) in two parts: one which deals with [S, rf\u + S^, and one for /. From 
Lemma I5JJ we obtain that 



f (^) M 'M p (V([S, V }u + S*) ;p)^< C|M| XP(RN) r- M /' p M (p + A(p)) ^ 
Jo vr/ P Jo P 

< C(r + A(r))\\u\\ XP{IlN) . 

Let D(a, b) be defined by 

D(a,&) = exp^ci J A(v)^-\ a,b>0. 



It is true that 

fr 



I'" D(r,p)M p (V([S, V }u+SV); p) ^ < C\\u\\ XP(IlN) H (p+A(p))D(r, p) ^. 

J r P J r P 



Since 

dp 



pD(r, p) — = D(r, r ) / D(r , p) dp < CD(r, r ) 
and 

D(r, r ) 



f r ° do I f° <9 

/ K{p)D{r,p)-P<- D(r,p)dp< 

Jr P Cl J r dp 



Cl 



we obtain that 



r° do 

/ D(r,p)^(V([«S,7 7 ]u + 5*);p)-^<C|| U ||^ (R i V) £>(r ) ro). 

Jr P 

It is clear that r + A(r) is small whenever r is small, and also that D(r, ro) > 1 
for r < ro- Hence, r + A(r) < CD(r, ro) if r < ro. Finally, 

D(r, p) Af p (V([S, rftu + S*);p)^< C\\u\\ XP(RN) f°° e - N ^"D(r, p) ^ 

P Jro P 

c 

- ~n7at ir^\\ u \\xp(R»)D{r,ro), 

r Q v (iV-ciAo) 

where we used the argument from (|3.25p in Lemma 13.61 to estimate the last 
integral. 
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Now, since V(r//) = V77/ + 77V/, and V77 only lives for tq < \x\ < 2ro, it 
follows that the contribution from / is bounded by 



Cr 



-M 



f P M N p {Vf ; P )^ + CD(r,r Q ) r° D(r ,p) JS p (Vf ; p) ^ 

JO P Jr P 



r 2r ° do 

+ CD(r } r ) M p {f,P)-- 

Jr /2 P 



This completes the proof. 



5.2 The Case of Summable A 



C r° Q M ,o ( E ) KWf ; P )^ + C(u, f). 



Let the conditions of Theorem 11.31 be satisfied and suppose that [y \-> h(y)/v) 
belongs to L l {Q,2r ). Then D(r,p) < G for < r < p < 1, and from Theo- 
rem [T73] it follows that 

M p (u;r)<C [ (P) M M p (Vf-p)^ + C [ * yV p (V/ ; p) ^ + C(u, f) 

JO Kr/ P Jr P 

dp 

P 

If also (p H> N p {Vf ; p)/p) £ L x (0, 2r ), then Af p (u; r) < C for r < r , where C 
depends on /. 

5.3 Example: J\f p (Vf ; r) < Cr~ a 

Let < a < M. Suppose that A(r) — > as r — !> 0. Then there exists n > such 
that A(r) < a/(2c±) for < r < n. Now, suppose that A/" P (V/; r) < Cr~ a 
for r < 2ro. Let r < Tq. Then Theorem 11.31 implies that 



C f 2r ° dn 

M p {u ; r) < — r" a + C / p- Q £(r, p) ^ + C(u, f)D(r, r ), 

M - a J r p 



where 



c(u,/) = cf||«|| JC , (RJ . ) + / n ' V p (/ ; p) — 

V ira/2 P 



and C only depends on N and p. Now, 

v«i>(,^=^n-)v,p)*. 

P VP/ P 

Suppose that r < n. We split the domain of integration in two parts. For the 
first part, we obtain that 

PJ P Jr \ Jr \ Cl J V ) P 



P J P a 
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since A(i/) — a/c\ < —a/{2c{). For the second part, 

r ft"*,,,)* -r d^,,)* 

J ri \pj p Jrx \nj \pj P 

r- a/2 D{ru2r ) /2 
a 

similarly with the estimate for the first part. Hence, 

P p-Dir, P ) * < V* + rr /2 D(nM r _ a/2 < 
J r pa a 

Thus, 

M p {u ; r) < C{a)r~ a < C(u, /, a)r- Q + C(u, f)D(r, r ), 

where C(a) is a constant that depends on a. The last inequality follows from 
the fact that it is possible to estimate D(r, ro) < C(e)r _e for every e > 0, which 
follows analogously with the argument used above. 
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